Requiring the soft supersymmetry-breaking (SSB) parameters in finite gauge-Yukawa unified models to be finite up to and including two-loop order, we derive a two-loop sum rule for the soft scalar-masses. It is shown that this sum rule coincides with that of a certain class of string models in which the massive string states are organized into N = 4 supermultiplets. We investigate the SSB sector of two finite SU(5) models. Using the sum rule which allows the non-universality of the SSB terms and requiring that the lightest superparticle particleis neutral, we constrain the parameter space of the SSB sector in each model.
Introduction
The standard model (SM) has a large number of free parameters whose values are determined only experimentally. To reduce the number of these free parameters, and thus render it more predictive, one is usually led to enlarge the symmetry of the SM. For instance, unification of the SM forces based on the SU(5) GUT [1] was predicting one of the gauge couplings [1] as well as the mass of the bottom quark [2] . Now it seems that LEP data is suggesting that the symmetry of the unified theory should be further enlarged and become N = 1 globally supersymmetric [3] .
Relations among gauge and Yukawa couplings, which are missing in ordinary GUTs, could be a consequence of a further unification provided by a more fundamental theory at the Planck scale. Moreover, it might be possible that some of these relations are renormalization group invariant (RGI) below the Planck scale so that they are exactly preserved down to the GUT scale M GUT . In fact, one of our motivation in this paper is to point out such indication in the soft supersymmetry-breaking (SSB) sector in supersymmetric unified theories.
In our recent studies [4] - [6] , we have been searching for RGI relations among gauge and Yukawa couplings in various supersymmetric GUTs. Thus, the idea of gauge-Yukawa unification (GYU) [4] - [6] relies not only on a symmetry principle, but also on the principle of reduction of couplings [7, 8] (see also [9] ). This principle is based on the existence of RGI relations among couplings, which do not necessarily result from a symmetry, but nevertheless preserve perturbative renormalizability or even finiteness. Here we would like to focus on finite unified theories [10] - [21] , [4] , [6] . Supersymmetry seems to be essential for a successful GYU, but, as it is for any realistic supersymmetric model, the breaking of supersymmetry has to be understood. We recall that the SSB parameters have dimensions greater than or equal to one and it is possible to treat dimensional couplings along the line of GYU [22, 23] , which shows that the SSB sector of a GYU model is controlled by the unified gaugino mass M. As for one-and two-loop finite SSB terms, only the universal solution for the SSB terms [10, 19] is known so far. So another motivation of this paper is to re-investigate the conditions for the two-loop finite SSB terms and to express them in terms of simple sum rules for these parameters. We will indeed find that the universal solution can be relaxed for the SSB terms to be finite up to and including the two-loop corrections, and we will derive the two-loop corrected sum rule for the soft scalar-masses. We will comment on the possibility of all-order-finite SSB terms.
The authors of [25, 26, 23] have pointed out that the universal soft scalar masses also appear for dilaton-dominated supersymmetry breaking in 4D superstring models [27] - [29] . Ibáñez [25] (see also [26] ) gives a possible superstring interpretation to it. We shall examine whether or not the two-loop corrected sum rule can also be obtained in some string model. We will indeed find that there is a class of 4D orbifold models in which exactly the same sum rule is satisfied. It may be worth-mentioning that not only in finite GYU models, but also in nonfinte GYU models the same soft scalar-mass sum rule is satisfied at the one-loop level [30] . In ref. [30] a possible answer to why this happens is speculated.
Motivated by the fact that the universal choice for the SSB terms can be relaxed, we will investigate the SSB sector of two finite SU(5) models. The SSB parameters of these models are constrained by the sum rule and also by the requirement that the electroweak gauge symmetry is radiatively broken [31] . We will find that there is a parameter range for each model in which the lightest superparticle (LSP) is a neutralino, which will be compared with the case of the universal SSB parameters. The lightest Higgs turns out to be ∼ 120 GeV.
2 Two-loop finiteness and Soft scalar-mass sum rule
Two-loop finite SSB terms
Various groups [24, 19] have independently computed the coefficients of the two-loop RG functions for SSB parameters 1 . Here we would like to use them to re-investigate their two-loop finiteness and derive the two-loop soft scalar-mass sum rule.
The superpotential is
along with the Lagrangian for SSB terms,
Since we would like to consider only finite theories here, we assume that the gauge group is a simple group and the one-loop β function of the gauge coupling g (A.1) vanishes, i.e.,
We also assume that the reduction equation
admits power series solutions of the form
where β g and β ijk Y are β functions of g and Y ijk , respectively. According to the finiteness theorem of ref. [17] , the theory is then finite 2 to all orders in perturbation theory, if the one-loop anomalous dimensions γ
given in (A.2) vanish, i.e., if
is satisfied, where we have inserted
. We recall that if the conditions (3) and (6) are satisfied, the two-loop expansion coefficients in (5), ρ ijk (1) , vanish [19] . (From (A.6) ad (A.7) we see that the two-loop coefficients β vanish.) Further, the one-and two-loop finiteness for h ijk can be achieved by [11, 19] 
which can be seen from (A.9) if one uses eq. (6) . Note further that the O(g 3 ) term is absent in (7) . As for b ij there is no constraint; b ij is finite if eqs. (6) and (7) are satisfied, which can be seen from the one-and two-loop coefficients of the β function for b ij (A.5) and (A.10). Now, to obtain the two-loop sum rule for soft scalar masses, we assume that the lowest order coefficients ρ ijk (0) and also (m 2 ) i j satisfy the diagonality relations
for all p and q and (m 2 )
respectively. Then one finds that
where we have used ρ jpq (1) = 0 (which implies that the O(g 4 ) term in (9) is absent). Using the condition (6), the diagonality relations (8) and also the soft scalar-mass sum rule (which we are going to prove)
we find that eq. (9) can be written as
We will find shortly that the two-loop correction term ∆ (1) is given by
Therefore, the ∆ (1) vanishes for the universal choice
in accord with the previous findings of refs. [19] . The result agrees also with that of ref.
[10] on N = 4 theory; N = 4 theory contains three N = 1 chiral superfields in the adjoint representation, which means
we obtain
To see that ∆ (1) is really given by eq. (12) for two-loop finiteness of m 2 i , we recall that the two-loop β function for m 2 i (A.11) can be nicely organized as [23] [β
but not in the opposite way. The question of whether the sum rule is the unique solution to (18) depends on the concrete model of course. We will address the question when discussing concrete finite models and find that the sum rule (10) is the unique solution for these models.
Since S ′ will be of O(C(G)), the two-loop correction term in the sum rule (10) may be estimated as
If, however, the soft scalar masses are close to the universal one (13), the correction is small. In the concrete example of the SU(5) finite models which we will consider below, it will turn out that the soft scalar masses should differ from the universal one if we require that the LSP is a neutralino. But the two-loop correction term ∆ (1) happens to vanish exactly, no matter how large the deviation from the universal choice of the soft scalar masses is.
Coincidence
It has been known [23, 25, 26] that the universal soft scalar masses which preserve their two-loop finiteness also appear for dilaton-dominated supersymmetry breaking in 4D superstring models [27] - [29] . Ibáñez [25] (see also [26] ) gives a possible superstring interpretation and argues that for dilaton dominance to work, the soft SSB terms have to be be independent of the particular choice of compactification and consistent with any possible compactification, in particular with a toroidal compactification preserving N = 4 supersymmetry. Given that the universality of the soft scalar masses can be relaxed (as we have shown above), we would like to examine whether or not the two-loop corrected sum rule (10) can also be obtained in some string model. To this end, we consider a specific class of orbifold models with three untwisted moduli T 1 , T 2 , T 3 (which exist for instance in (0, 2) symmetric abelian orbifold construction always). We then assume that some non-perturbative superpotential which breaks supersymmetry exists and that the dilation S and the moduli T a play the dominant role for supersymmetry breaking. The
Kähler potential K and the gauge kinetic function f in this case assume the generic form
where n a i stand for modular weights and are fractional numbers, and k is the Kac-Moody level [32] - [34] . The SSB parameters 3 in this class of models are given by [29] , [36] - [38] , [25, 26] 
where θ and Θ a (which parametrize the unknown mechanism of supersymmetry breaking [29] ) are defined as F S /Y = √ 3m 3/2 sin θ and
In eq. (22) we have assumed Y ijk is independent of S and T a . It is straightforward to see that the tree-level for of the sum rule (10) [29, 37, 25, 26, 39] 4 is satisfied, if
Note that the condition (23) ensures that K + ln |W | 2 is invariant under the duality transformation, 3 Since the SSB parameter b ij are not constrained by two-loop finiteness, we do not consider it here. 4 We call the soft scalar-mass sum rule (10) without the two-loop correction term the tree-level sum rule.
We then would like to extend our discussion so as to include the two-loop correction in the sum rule (10) . In superstrings, the correction to the tree level relations among the SSB terms can be computed by using the fact that the target-space modular anomaly [41, 42, 27] are canceled by the Green-Schwarz mechanism [43] and the threshold correction coming from the massive sates [44, 45] . The Green-Schwarz mechanism induces a nontrivial transformation of S under th duality transformation, which implies that the Kähler potential for the dilaton S has to be modified to the duality-invariant Kähler potential [41, 27] ,
where δ a GS is the Green-Schwarz coefficient [41, 27] . This correction alters the tree-level formulae for h ijk and m 2 i , while the threshold correction coming from the massive sates modifies the tree-level gauge kinetic function f = S and hence changes the tree-level formula for the gaugino mass M. The requirement of the vanishing cosmological constant leads to the redefinition of the Goldstino parameters [36] - [38] as
and Θ a is defined in (22) . Note that the quantum modification (27) does not change the tree-level relation for h ijk (22) at all, which coincides the two-loop result (7). This motivates us to assume that the relation for M also remains unchanged, which is true only if the contribution to the gauge kinetic function f coming from the massive states [45] are absent. It is known [45] (see also [27] ) that such situation appears for the class of orbifold models in which the massive states are organized into N = 4 supermultiplets 5 and we obtain One can easily convince oneself that if the condition (23) is satisfied, the 5 The absence of the threshold effects coming from N = 4 massive supermultiplets has been first observed in an N = 4 Yang-Mills theory with spontaneously broken gauge symmetry [46] .
tree-level sum rule for m 2 i is modified to
In this case the duality anomaly should be canceled only by the Green-Schwarz mechanism, implying that [41, 27] 
After a straightforward calculation one then finds two identities:
where we have used Y = 2/g 2 . Using these identities, one can convince oneself that the two-loop corrected sum rule (10) coincides with the sum rule (29) of the orbifold model up to and including O(g 2 ) terms. For finite theories (b = 0) it is possible to express the sum rule (29) in terms of field theory quantities only:
It is remarkable that in this combination of the SSB terms the quantities such as the Goldstino angle parameterizing unknown supersymmerty breaking disappear. Since the sum rule (33) can be seen as an exact result, we conjecture that the sum rule (33) and the tree-level form of the relation h ijk = −MY ijk (g) are also exact results in field theory that result from the finiteness of the SSB parameters.
Comment
We next would like to comment on the possibility of having all-order finite SSB terms.
To begin with we recall that the RG functions are renormalization-scheme dependent starting at two-loop order. This is true, even if we assume that a mass-independent renormalization-scheme is employed, except for the gauge coupling β function. Therefore, it could be possible to find a renormalization-scheme in which all the higher order coefficients of the β functions (except for the gauge coupling β function) vanish. Since we know explicitly the two-loop RG functions, we would like to ask whether we can find a renormalization scheme in which all the RG functions beyond the two-loop vanish. To simplify the problem, we assume that all the supersymmetric, massive parameters are set equal to zero and that Y ijk and h jik have been reduced in favor of g and M. Suppose that we have found reparametrizations of g , M and m 2 such that the β functions, except for β g and β m 2 , beyond the two-loop order vanish. We then ask ourselves whether or not it is possible to find a reparametrization of m 2 i 's of the form
where r ij and p i are numbers, such that the three-loop β functions for m
Inserting (34) into the one-loop β function (A.4), we see that the three-loop terms in the β function should be canceled by the term
where we have used eq. (4). Recall that because of the diagonality condition (8) the terms given above are proportional to δ j i and so the total number of these terms, N, is exactly the number of the chiral superfields present in the theory. It is clear that if these N terms are linearly independent, the three-loop contributions in the β functions for m three-loop terms in the β function can be canceled by (35) ; one has to compute explicitly the three-loop contributions to see it. In the concrete models we will consider later, these N terms (35) are not linearly independent. The string inspired result (33) should have a nontrivial meaning in this case; it suggests that the three-loop contributions can be canceled by a reparametrization of m 2 i , because the reparametrization defined by
can bring the "exact" result (33) into the tree-level form. If, on the other hand, the sum rule is the unique solution to the two-loop finiteness and the sum rule fixes m 2 i /|M| 2 completely, the N terms (35) are linearly independent. We can then cancel all the threeloop contributions, which then can be continued to arbitrary order.
3 Finite theories based on SU (5)
General comments
From the classification of theories with vanishing one-loop gauge β function [13] , one can easily see that there exist only two candidate possibilities to construct SU(5) GUTs with three generations. These possibilities require that the theory should contain as matter fields the chiral supermultiplets 5 , 5 , 10 , 5 , 24 with the multiplicities (6, 9, 4, 1, 0) and (4, 7, 3, 0, 1), respectively. Only the second one contains a 24-plet which can be used to provide the spontaneous symmetry breaking (SB) of SU(5) down to SU(3)×SU(2)×U(1).
For the first model one has to incorporate another way, such as the Wilson flux breaking mechanism to achieve the desired SB of SU(5) [4] . Therefore, for a self-consistent field theory discussion we would like to concentrate only on the second possibility.
It is clear, at least for the dimensionless couplings, that the matter content of a theory is only a necessary condition for all-order finiteness. Therefore, there exist, in principle, various finite models for a given matter content. However, during the early studies [14, 15] , the theorem [17] that guarantees all-order finiteness and requires the existence of power series solution to any finite order in perturbation theory was not known.
The theorem introduces new constraints, in particular requires that the solution to the one-loop finiteness conditions should be non-degenerate and isolated. In most studies the freedom resulted as a consequence of the degeneracy in the one-and two-loop solutions has been used to make specific ansätze that could lead to phenomenologically acceptable predictions. Note that the existence of such freedom is incompatible with the power series solutions [7, 17] .
Taking into account the new constraints an all-order finite SU(5) model has been constructed [4] , which among others successfully predicted the bottom and the top quark masses [4, 6] . The later is due to the Gauge-and-Yukawa-of-the-third-generation Unifi- [15] and has been revived [21] taking into account the recent data. However, it is clear that using the large freedom offered by the Higgs mass parameter space in requiring the condition (b) one strongly diminishes the beauty of a finite theory. Consequently, this freedom was abandoned in the recent studies of the all-loop finite SU(5) model [4] and only the condition (a) was kept as a necessary requirement.
Models
A predictive Gauge-Yukawa unified SU(5) model which is finite to all orders, in addition to the requirements mentioned already, should also have the following properties.
1. One-loop anomalous dimensions are diagonal, i.e., γ In the following we discuss two versions of the all-order finite model.
A:
The model of ref. [4] .
B:
A slight variation of the model A, which can also be obtained from the class of the models suggested by Kazakov et al. [20] with a modification to suppress non-diagonal anomalous dimensions.
The quark mixing can be accommodated in these models, but for simplicity we neglect the intergenerational mixing and postpone the interesting problem of predicting the mixings to a future publication.
The superpotential which describe the two models takes the form [4, 20] 
where H a and H a (a = 1, . . . , 4) stand for the Higgs quintets and anti-quintets. Given the superpotential W , we can compute now the γ functions of the model, from which we then compute the β functions. We find:
The non-degenerate and isolated solutions to γ
(1) i = 0 for the models {A , B} are:
We have explicitly checked that these solutions (39) are also the solutions of the reduction equation (4) and that they can be uniquely extended to the corresponding power series solutions (4) 7 . Consequently, these models are finite to all orders.
After the reduction of couplings (39) The main difference of the models A and B is that three pairs of Higgs quintets and anti-quintets couple to the 24 for B so that it is not necessary [20] to mix them with H 4
and H 4 in order to achieve the triplet-doublet splitting after SB of SU (5). This enhances the predicitivity, because then the mixing of the three pairs of Higgsess are strongly constrained to fit the phenomenology of the first two generations [20] .
Before we go to present our analysis on low-energy predictions of the models, we would like to discuss the structure of the sum rule for the soft scalar masses for each case. According to (8) , we recall that they are supposed to be diagonal. From the oneloop finiteness for the soft scalar masses, we obtain (there are {10 , 13} equations for 15 unknown κ (0) 's): 
where we have defined
We then use the solution (39) to calculate the actual value for S ′ by using eq. (16), which express the two-loop correction to the sum rule. Surprisingly, it turns out for both models that
That is, the one-loop sum rule in the present models is not corrected in two-loop order.
Next we would like to address the question of whether the sum rule (10) is the unique solution to the two-loop finiteness. To this end, we recall that the two-loop finiteness for the soft scalar masses follows if eq. (18), i.e.
is satisfied. There are 15 equations for 15 unknown κ (1) 's. We find that the solution is not unique; it can be parameterized by {7, 4} parameters for a given S ′ which is zero for the present models. For instance,
(1) 
(1)
As one can easily see that κ (1) 's satisfy
which shows that the sum rule (10) in the present models is the unique solution to two-loop finiteness.
Predictions of Low Energy Parameters
Since the gauge symmetry is spontaneously broken below M GUT , the finiteness conditions do not restrict the renormalization property at low energies, and all it remains are boundary conditions on the gauge and Yukawa couplings (39) and the h = −MY relation (7) and the soft scalar-mass sum rule (10) at M GUT . So we examine the evolution of these parameters according to their renormalization group equations at two-loop for dimensionless parameters and at one-loop for dimensional ones with these boundary conditions. Below M GUT their evolution is assumed to be governed by the MSSM. We further assume a unique supersymmetry breaking scale M s so that below M s the SM is the correct effective theory.
We recall that tan β is usually determined in the Higgs sector. However, it has turned out that in the case of GYU models it is convenient to define tan β by using the matching condition at M s [47] ,
where α 2 ). With a given set of the input parameters [48] ,
with [49] 
the matching condition (50) and the GYU boundary condition at M GUT can be satisfied only for a specific value of tan β. Here M τ , M t , M Z are pole masses, and the couplings above are defined in the MS scheme with six flavors. Under the assumptions specified Comparing, for instance, the M t predictions above with the most recent experimental value [50] ,
and recalling that the theoretical values for M t given in the tables may suffer from a correction of less than ∼ 4 % [6] , we see that they are consistent with the experimental data. (For more details, see ref. [6] , where various corrections on the predictions of GYU models such as the MSSM threshold corrections are estimated 8 .)
Now we come to the SSB sector. As mentioned, we impose at M GUT the h = −MY relation (7) and the soft scalar-mass sum rule (10), i.e. (42) and (47) for the models A and (43) and (48) for the model B, and calculate their low-energy values. To make our unification idea and its consequence transparent, we shall make an oversimplifying assumption that the unique supersymmetry breaking scale M s can be set equal to the unified gaugino mass M at M GUT . That is, we calculate the SSB parameters at M s = M from which we then compute the spectrum of the superpartners by using the tree-level formulae 9 . Since tan β by the dimension-zero sector because of GYU, one should examine each time whether GYU and the sum rule are consistent with the radiative breaking of the electroweak symmetry [31] . This concitency can be achieved, though not always, by using the freedom to fix the b term and the supersymmetric mass term µ which remain unconstrained by finiteness.
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Conclusion
In this paper we have re-investigated the two-loop finiteness conditions for the SSB parameters in softly broken N = 1 supersymmetric Yang-Mills theories with a simple gauge group and found that the previously known result [11, 19] on the h = −MY relation (7) is necessary while the universal solution for the soft scalar masses can be continuously deformed to the sum rule (10).
Since it has been known [25, 26, 23] that the universal soft scalar masses appear for dilaton-dominated supersymmetry breaking in 4D superstring models, we have examined whether or not the two-loop corrected soft scalar-mass sum rule can also be obtained in some string model. We have indeed found that the same sum rule is satisfied in a certain class of string models in which the massive string states are organized into N = 4 supermultiplets so that they do not contribute to the quantum modification of the gauge kinetic function. Since not only in finite GYU models, but also in nonfinte GYU models the same soft scalar-mass sum rule is satisfied at least at the one-loop level [30] , we believe there exists something non-trivial behind these coincidences.
Motivated by these facts, we have investigated the SSB sector of two finite SU (5) models A and B. We have found out that the two-loop corrections to the sum rule is absent in these models. Since we do not know why this happens, it is an accident to us.
Finally we have investigated the low-energy sector of these models. Using the sum rule and requiring that the LSP is neutral, we have constrained the parameter space of the low-energy SSB sector in each model and calculated the spectrum of the superparticles.
We have found that the model A allows relatively light superparticles while in the model B they are heavier than ∼ 0.5 TeV. The mass of the lightest Higgs is ∼ 120 GeV.
Taking into account all these results, we would like to conclude that the finite models we have considered are not only academically attractive, but also making interesting predictions which are consistent with the present experimental knowledge. 
